We present a thorough analysis of the cosmological perturbations in Generalised Massive Gravity. This is an extension of de Rham-Gabadadze-Tolley theory where the translation invariance in the Stückelberg field space is broken. This allows the mass parameters to be promoted to functions of the Stückelberg fields. We consider an exact cosmological background in this theory and study the stability of perturbations. We derive conditions to avoid ghost, gradient and tachyonic instability. The cosmology is an extension of the self-accelerating branch of the constant mass parameter theory, but now all five massive graviton polarisations propagate. For concreteness, we consider a minimal version of the theory where cosmology undergoes an accelerated expansion at late times and show that the perturbative stability is preserved for a range of parameters. 1 Approximately FLRW backgrounds may be safe against perturbations [10, 11] , although the lack of overall homogeneity and/or isotropy poses a technical challenge for obtaining accurate predictions beyond the background level. There also exist exact FLRW solutions that have a spatially isotropic fiducial metric [12, 13] but these solutions are likely to be unstable [14] .
I. INTRODUCTION
The studies of infra-red modifications to General Relativity (GR) on large distances has been partly fuelled by the discovery of the late-time acceleration of the universe [1, 2] . Giving a mass to graviton offers an arguably more natural explanation of the late-time acceleration of the universe than the cosmological constant. Historically, it has been a challenge to formulate an interacting massive gravity theory with 5 degrees of freedom. The first attempt was the linear massive spin-2 theory by Fierz and Pauli [3] , and it was quickly realised that the theory needed a non-linear completion to be continuous with General Relativity (GR) [4] [5] [6] . However, generic non-linear extensions have an extra degree of freedom that causes the Boulware-Deser ghost pathology [7] .
A non-linear theory without the Boulware-Deser mode was constructed by de Rham, Gabadadze and Tolley (dRGT) [8, 9] who proposed four independent potential terms specially tuned to recover a stable Minkowski background with 5 propagating degrees of freedom, as expected from a massive spin-2 field. The theory is written in a manifestly covariant form, using four scalar fields φ a that are responsible for breaking diffeomorphisms and generating the mass. The fields enjoy an internal Poincaré symmetry, which then ensures that in the unitary gauge one has Lorentz invariance. The symmetry also implies that the fiducial metric f µν ≡ η ab ∂ µ φ a ∂ ν φ b is the only space-time tensor (other than the physical metric) that appears in the action. The mass terms then are written as an interaction between the physical metric g and the fiducial metric via the g −1 f tensor.
Despite the theoretical success of dRGT theory, exact Friedmann-Lemaître-Robertson-Walker (FLRW) backgrounds suffer from a variety of problems 1 . In general two branches are allowed: i. normal branch which is a generalisation of the flat space-time solution, prohibits expansion [10, 15] ; ii. self-accelerating branch, where the mass term gives rise to an effective cosmological constant, suffers from a strong coupling problem [15] and a non-linear ghost instability [16] .
Giving up the Poincaré symmetry in the field space, one can generalise the theory without reviving the Boulware-Deser mode [17] . However, for maximally symmetric field spaces, the cosmology is not free from issues. The fate of the self-accelerating branch is oblivious to the field space metric, while the normal branch does have different properties, although none positive, at least for maximally symmetric field spaces. For a massive gravity with a de Sitter field space, cosmology suffers from either a Higuchi ghost [18] or fails to achieve a successful screening [19] . For anti de-Sitter, the cosmology cannot sustain an accelerated expansion [20] .
The lack of stable cosmologies in dRGT massive gravity motivates extensions of the theory. One example is the bimetric theory [21] , where the fiducial metric is promoted to a dynamical variable. Bimetric cosmology suffers from a gradient type instability [22] [23] [24] [25] [26] [27] [28] , although resolutions do exist: a chameleon-like potential [29] , screening as the instability takes over [30, 31] , hierachy between the two coupling constants [32] , to name a few. Other extensions where an additional scalar field couples to the mass term provide a new way to achieve cosmology [33, 34] , although ensuring perturbative stability continues to be a challenge [35] [36] [37] [38] .
One intriguing possibility is to modify the theory without introducing new degrees of freedom. By breaking the translation invariance in the field space, one can promote the mass parameters to functions of η ab φ a φ b , while preserving Lorentz invariance 2 . This construction preserves the dRGT tuning that removes the Boulware-Deser mode [40] . FLRW solutions were reported to be stable in some decoupling limit [41] .
In this work, we perform a full stability analysis of cosmology in GMG with a k-essence matter as a model for an irrotational barotropic perfect fluid. We calculate the dispersion relations for the scalar, vector and tensor graviton modes, then identify the conditions for avoiding ghost, gradient and tachyonic instabilities. For concreteness, we fix the functions to allow a small deviation from the constant parameter dRGT theory and show that all stability conditions can be satisfied simultaneously for a self-accelerating background in this minimal version of the theory.
The paper is organised as follows. In Section II we outline the theory and the field configuration. In Section III we describe the background dynamics and in Section IV we describe the procedure for calculating the quadratic action and outline the stability conditions. Section V is where we introduce the minimal theory with small deviations from dRGT. We conclude with Section VI where we summarise our results and discuss future work.
II. THE SET-UP
In this section we review the Generalised Massive Gravity theory and discuss the field configuration for cosmological solutions. The gravitational action consists of the Einstein-Hilbert term and the generalised mass terms
where U n are the dRGT potential terms,
Here, square brackets denote trace operation and the tensor K is defined by,
(
This tensor refers to the space-time tensor f µν , the fiducial metric, which is defined as
with (a, b = 0, 1, 2, 3). In standard dRGT massive gravity, φ a are the Stückelberg fields, arising from the reintroduction of diffeomorphism invariance. However, if the translation invariance in the field space is broken, the four fields can also appear in the Lorentz invariant combination η ab φ a φ b ; in GMG theory, the mass parameters α n are promoted to functions of this combination [41] .
For the matter sector we consider a k-essence field with action
where
In order to achieve an isotropic and homogeneous universe for both the physical and fiducial metric, we need f µν to have the same FLRW symmetries as g µν in the same coordinate system, since they are coupled via g −1 f . Moreover, we also need to insure that φ a φ a stays uniform. For a Minkowski field space metric, the unique field configuration that is compatible with these symmetries is
where κ = |K| = −K is the absolute value of the negative constant curvature of the spatial slice. With this definition, the fiducial metric has the same form as an open FLRW solution [42] 
where an overdot denotes time derivative and Ω ij is the metric of the constant time hypersurfaces with constant negative curvature
Our metric ansatz is then an open FLRW
We consider a uniform matter field background, i.e. ϕ = ϕ(t). In this case, the k-essence can be interpreted as an irrotational fluid with pressure P (φ 2 ), while the energy density ρ(φ 2 ) and sound speed c s (φ 2 ) of the analogue fluid is given by
where a prime denotes differentiation with respect to the argument.
III. BACKGROUND DYNAMICS
We now can use the field configurations outlined in the previous section to determine the background dynamics of cosmology. The total action in the mini-superspace approximation is
where α n = α n [−f (t) 2 ] and U 0 = 1 ,
Varying the action (12) with respect to N , a and ϕ, then fixing the cosmological time N = 1, we get the following equations of motion [41] 3
where for convenience, we defined
We also defined two combinations of the mass parameters
where from the background equations, we infer that m 2 M 2 p L is the effective energy density arising from the mass term, while m 2 M 2 p J(1 − r) ξ corresponds to the sum of the effective density and pressure. In standard dRGT, the quantity J is forced to vanish, yielding a constant ξ solution. As a result, the contribution to the Friedmann equation m 2 L becomes an effective cosmological constant. In contrast, in the GMG theory, this is no longer the case. By varying the action (12) with respect to f , or equivalently using the contracted Bianchi identities, we obtain the Stückelberg constraint equation
Using the definition of L from Eq. (16), we can also rewrite this equation in the following form
In this form, the dRGT limit can be trivially taken by α n ≡ ∂α n /∂(−f 2 ) → 0. In this constant mass limit, the right hand side of (18) vanishes, defining two branches of solutions: the normal branch with H = √ κa which prevents expansion, while J = 0 branch gives rise to a self-acceleration. The generalised mass term thus prevents the branching by breaking the factorised form of the constraint equation. Although this means that generically the mass term is no longer an effective cosmological constant, this also solves the problem of infinite strong coupling of scalar and vector perturbations, whose kinetic terms are proportional to J in standard dRGT [15] .
IV. COSMOLOGICAL PERTURBATIONS
To calculate the quadratic action we need to first introduce perturbations to the physical metric
with h ij decomposed as
Here, D i is the covariant derivative associated with the 3-metric Ω ij and the spatial indicies are raised by the inverse metric Ω ij . The vectors in the above decomposition are divergence-free D i E i = D i B i = 0, while the tensor is divergence and trace-free D i γ ij = Ω ij γ ij = 0. We also introduce matter perturbations through
with quantities in the fluid analogue P , ρ and c s all defined with respect to the background field. For the four scalar fields φ a we exploit the diffeomorphism invariance to fix their perturbations to zero, depleting all the gauge freedom in the system. In this decomposition, the scalars (φ, B, ψ, E, δϕ), vectors (E i , B i ) and tensor (γ ij ) perturbations decouple at quadratic order in the action. We will therefore study them separately in the following.
A. Tensors
Starting with the tensor sector, we expand (1) to second order in tensor perturbations, we find
We then expand γ ij in terms of tensor harmonics (see e.g. [43] )
This allows us to reduce the above action to
where the tensor dispersion relation is
The mass of the tensor mode m √ Γ is given in terms of the mass functions as
This expression agrees with the standard dRGT tensor mass with constant α n [15] . From (24) it is clear the tensors show no ghost or gradient instabilities since their kinetic term directly follows from a standard Einstein-Hilbert action. However one can place restrictions on Γ requiring that Γ > 0 to avoid a tachyonic instability. On the other hand, for |m 2 Γ| ∼ O(H 2 0 ), the instability generically takes the age of the universe to develop, thus an imaginary mass is not necessarily a cause for concern.
B. Vectors
We next calculate the action (1) at quadratic order in vector modes. The shift vector B i is non-dynamical so it can be integrated out by solving its algebraic equation of motion
where we expanded the perturbations in terms of vector harmonics
and similarly for E i . Vector harmonics satisfy D i D i Y j = −k 2 Y j and D i Y i = 0. Upon substituting (27) into the action, only one propagating vector remains,
where the kinetic term is
In order to avoid ghost instability, the following condition must hold at sub-horizon scales
The sound speed for the vector modes can be calculated by taking the ratio of the two terms in Eq.(29) in the sub-horizon limit
The squared-sound speeds should be positive to avoid gradient instability c 2 V ≥ 0.
C. Scalars
We now expand the action (1) up to quadratic order in scalar perturbations. Unfortunately, the full calculation involves expressions not suitable for presentation. However, we describe the procedure here and show some intermediate results.
At this stage we have an action with five degrees of freedom, (φ, ψ, B, E, δϕ). However, the lapse and shift perturbations appear in the action without any time derivatives and can be integrated out. We first expand all perturbations in terms of scalar harmonics
and similarly for other scalar perturbations. The scalar harmonics satisfy D i D i Y = −k 2 Y . We solve the equation of motion for the shift B,
where we omitted the subscript S, | k| and we will do so for all other perturbations in the following. Upon substituting the solution for B back in the action, we then solve for the lapse perturbation φ, which is,
With the solution (35) we reduce the quadratic action to a system with 3 degrees of freedom (ψ, E, δϕ). Formally, the action is the following;
whereΨ ≡ (ψ, E, δϕ) is the field array and whereK,G andM are the real 3 × 3 kinetic, mixing and mass matrices respectively. The absence of the Boulware-Deser ghost implies that we can integrate out one more non-dynamical degree of freedom. Indeed, at this stage detK = 0, indicating that there is at least one combination of the fields with vanishing kinetic term. To explicitly see this we define the quantity Q Q ≡ ψ + k 2 (r + 1)(k 2 + 3κ) 9m 2 a 2 J ξ + 6(r + 1)(
When we remove δϕ in favour of Q, the kinetic part of the action becomes diagonal and the non-dynamical nature of ψ becomes manifest. We identify ψ in this basis as the would-be Boulware-Deser mode and integrate it out. Unfortunately, the solution is not suitable to be presented here, but upon substitution into the action we obtain a system with two dynamical fields in a basis Ψ = (Q, E), with the action formally
where K, G and M are now the 2 × 2 kinetic, mixing and mass matrices respectively in the new basis, with K = K T , M = M T .
No Ghost Conditions
The conditions for the absence of ghosts can be obtained by studying the positivity of the eigenvalues of the kinetic matrix K in the sub-horizon limit, which corresponds to taking k → ∞. The two eigenvalues are determined as
The exact expressions for the kinetic matrix eigenvalues are given in Appendix A. In the dRGT limit J,J → 0, the second eigenvalue vanishes, in agreement with [15] . However, with the varying mass functions, the strong coupling problem is resolved. We now expand the eigenvalues in the sub-horizon limit, obtaining
To avoid ghost instabilities, we need e 1 > 0 and e 2 > 0. The first no-ghost condition is simply the null-energy condition, so we identify the first eigenmode as the matter sector. The second one is therefore the scalar graviton mode. However, from the subhorizon expression for e 2 we see that it no longer vanishes in the dRGT limit J ,J → 0. The reason for this apparent discrepancy is that the sub-horizon limit does not commute with the dRGT limit. This peculiar behaviour can be understood by inspecting the terms in e 2 . In the second of Eq.(A1), there are some terms that vanish in any order of the limits. Neglecting these, we are left with two terms that dominate according to which limit is applied first
In the above, the first term dominates in the dRGT limit while the second term dominates in the large momentum limit. In order to control which limit is stronger, we define the quantity
The case E 1 then corresponds applying the dRGT limit first, while E 1 corresponds to applying the sub-horizon limit first. To make this argument clearer, we rewrite this new parameter in terms of the relevant length scales in the problem
where λ = a/k is the physical wavelength, the horizon length is l H ≡ 1/H, while we define the length scale associated with varying mass parameters as l GM G ≡ J/H. We summarise the possible values of the wavelength with respect to these scales in Figure 1 . For a small departure from constant mass dRGT, the two characteristic lengths obey l H > l GM G . For modes with wavelengths λ l GM G , the variation of the mass parameters is non-negligible, thus this case corresponds to the E 1 limit. For l GM G λ l H , the modes are sub-horizon, but the departure from standard dRGT is negligible, corresponding to E 1.
FIG. 1. Schematic representation of different length scales. In this diagram, we assumed that lGMG < lH , which corresponds to small departures from standard dRGT.
Sound Speeds
Instead of obtaining the full dispersion relations of eigenmodes, we will make use of the fact that the frequency is dominated by the gradient term at high momenta. We first vary the action (38) with respect to the fields Ψ † , what results is the following equation of motion
For a monochromatic wave of the form Ψ ∝ e −i ωdt , and in the sub-horizon limit we have |ω| ω 2 , so equation (44) can be converted into an eigenvalue equation to solve ω
Since deep in the horizon, frequency is ω = C S (k/a), we solve the above equation for the squared sound speed C 2 S . The equation is quadratic in C 2 S . The first solution coincides with the sound speed of the k-essence field
The second one provides the sound speed of the scalar graviton C 2 S,2 , which is presented in Appendix A. Both of the squared-sound speeds should be positive to avoid gradient instability.
V. MINIMAL GENERALISED MASSIVE GRAVITY
In this section we consider small departures from constant mass parameters by allowing only one of the α n parameters to vary slowly. This allows us to solve the Stückelberg constraint (17) and evaluate the stability conditions in a concrete framework. In this minimal setup, the free α n (φ a φ a ) functions in the action (1) are
For the background configuration (7), we have (φ a φ a ) = −f (t) 2 . The above choice is basically the constant mass dRGT theory, with the only exception that we allowed α 2 to vary with the Stückelberg fields. The variation is assumed to be small α 2 1, so we expect the solutions to be close to dRGT. In this case, the contribution from mass term to the Friedmann equation m 2 L should be approximately constant, and if it is responsible for late time acceleration, also positive. The conditions we impose are the positivity of the effective cosmological constant, the squared-tensor mass, vector and scalar gradient and kinetic terms.
We expand all background quantities for small α 2 ,
. . .
At leading order, i.e. O(α 2 ) 0 , all background quantities reduce to standard (constant mass) dRGT expressions. The Stückelberg equation (17) at this order is simply J 0 = 0, solved by [15] 
Moreover, sinceξ = (−H + √ κ r/a)ξ, we can use thatξ 0 = 0 to find
To determine which solution of ξ 0 is relevant, we can use the squared tensor mass in the dRGT limit [15] ,
Provided that curvature never dominates the expansion, the tensor mass is real only for the solution ξ 0 + . We therefore consider this solution in the remainder of this section.
We now discuss the parameter region where we have a real solution that leads to a positive cosmological constant. By definition, ξ 0 is a positive quantity, so the parameter region where the solution ξ 0 + in (49) is positive corresponds to
On the other hand the contribution to the Friedmann equation from the mass term is then an effective cosmological constant
In order to have a real and positive cosmological constant, we need to satisfy these conditions:
The O(α 2 ) terms are relevant only in the stability conditions, and they are exclusively introduced by the function J, whose O(α 2 ) 0 contribution vanishes. We can solve background equations (14) and (17) for J 1 to obtain
This is the main quantity needed when calculating the kinetic terms of perturbations. For the region (54), where cosmological constant and tensor mass is positive, the positivity of J requires
We now discuss the conditions for avoiding ghost and gradient instability in the vector and scalar perturbations. Schematically the action for the vector modes takes the form,
where ellipsis denotes other terms in the action, e.g. mass. For the vector modes, both limits of the parameter E give the same result for the sub-horizon expressions, with
Since r 0 given by (50) is positive, and we chose the branch where Γ 0 > 0, avoiding both ghost and gradient instability requires
which, in the regime where we have positive cosmological constant, corresponds to the range (56).
For the scalar mode that corresponds to the matter field, there is no ambiguity; as long as the equivalent fluid obeys the null energy condition, and has a real propagation speed, it is stable. For the scalar graviton, the action is formally
As discussed in the previous section, the sub-horizon limit for T S depends also on the limit for the parameter E. We find
On the other hand, the sound speed for the scalar graviton has the same value when E is sent to the either of the two extremes,
Regardless of the E limit, scalar kinetic term and squared-sound speed are positive in the region where cosmological constant is positive, tensor mass is real (Γ 0 > 0) and the vector mode stability condition (59) is satisfied. In Fig.2 , we summarise all the conditions obtained in this section for the minimal model. We show the region of the parameter space that has positive cosmological constant and stable perturbations. Depending on the sign of α 2 parameter, the allowed region is either constrained to a finite area (α 2 > 0) or is open (α 2 < 0).
FIG. 2.
Allowed regions for α 2 > 0 (left panel) and α 2 < 0 (right panel). The blue region is ξ0 > 0 (bounded by the solid lines), orange region is α 2 J1 > 0 (bounded with the solid and the dotted lines), the green region is where both conditions are satisfied. We also mark the positive cosmological constant as the shaded area (region between the solid and dashed lines). The region where all conditions are satisfied is highlighted in yellow.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have studied the cosmological perturbations of Generalised Massive Gravity with a k-essence fluid as the matter sector. We calculated the quadratic action for the tensor, vector and scalar sectors and identified the stability conditions. We found that, unlike in constant mass dRGT massive gravity, the kinetic terms for the vector and scalar gravitons are non-vanishing, and the background can be free from pathologies. As an example, we introduced a minimal version of the theory where only one mass function is allowed to vary slowly, which can be considered as a small variation from standard dRGT. In this model, the contribution to the Friedmann equation from the mass term is approximately a constant that can be positive. In other words, the cosmology approximates GR with a cosmological constant. On the other hand, the effective cosmological constant continues to vary, and this variation allows the background to be perturbatively stable in a region of the parameter space, unlike constant mass dRGT theory. The tensor graviton has a time dependent mass and propagates at the speed of light, while vector and scalar perturbations generically propagate at superluminal speeds.
The cosmology of Generalised Massive Gravity has advantages over similar extensions. In addition to being an extension that has the same number of degrees of freedom as standard dRGT, the strong coupling problem can be tamed, unlike some other extensions. For instance, the problem of vanishing kinetic terms have been addressed in a similar manner in the mass-varying massive gravity [34] , where the mass parameters are promoted to functions of a new dynamical field. On the other hand, in order to achieve self-acceleration the mass functions need to vary slowly, making the scalar and vector modes strongly coupled [35] . In contrast, in the present paper, we showed that the scalar perturbations in the GMG theory effectively end up with finite kinetic terms provided that one considers modes that are sub-horizon and below the characteristic GMG length scale. This is an indication that the strong coupling problem of the dRGT theory becomes milder even with a slight variation of the model parameters.
Finally, a study of perturbations in the GMG theory was performed in [41] . Although our results are qualitatively compatible, the quantitative connection is unclear. We think that the apparent discrepancy is due to their choice of Fermi normal coordinates and the decoupling limit potentially probing a different background than the one considered here.
As we have established a simple model of a stable cosmology with (approximate) self-acceleration, the next step would be to determine whether a sensible expansion history can be consistently accommodated in this framework. Another path would be to determine the details of Vainshtein screening in a study of the non-linear perturbations.
